For A an abelian variety and G a finite group acting on A such that every g ∈ G fixes a point and such that A/G is smooth, we prove that there exists a point x ∈ A fixed by the whole group G. This improves the classification of smooth quotients of abelian varieties by finite groups done in previous work by the authors, where the case of actions fixing the origin was treated.
Introduction
Let A be a complex abelian variety of dimension n, and let G be a finite subgroup of automorphisms of A (that does not necessarily fix the origin). We are interested in studying when A/G is smooth. This article is the continuation of [ALA19] , where the same situation was considered but in the case that G fixes the origin.
If the group G acts on A, we have an exact sequence
where T G is the group of translations in G, G 0 is a group of automorphisms of A that fixes the origin, and the morphism G → G 0 is given by g → g − g(0). We have that A/G ∼ = (A/T G )/(G/T G ), and since A/T G is an abelian variety acted on faithfully by G/T G , we can automatically reduce the problem to studying smooth quotients of abelian varieties by finite groups that do not contain translations. It seems natural to think that G/T G ∼ = G 0 acts on A/T G by automorphisms that fix the origin. Unfortunately this is not true, and has been mistakenly used in [Yos07] and [Auf18] (for the latter article a subsequent errata [Auf19] was published that did not rely on this problem). Actually, the actions of G/T G and G 0 can be quite different. For example, it can happen that T G = 0, A/G is singular but A/G 0 is smooth (cf. [Auf19] ). The purpose of this article is to show that if we assume that A/G is smooth and that every g ∈ G fixes a point in A (i.e. if we are as far as possible from anétale quotient), then even if G/T G does not fix the origin of A/T G , it must have a fixed point. Therefore, upon redefining the origin as this fixed point, we can treat the quotient of A by G as the quotient of an abelian variety by a finite group that does fix the origin. To be more precise, our main theorem states the following:
Theorem 1.1. Let G be a group acting faithfully on an abelian variety A such that (1) every g ∈ G fixes a point in A, (2) A/G is smooth. Then there is a point on A fixed by G.
Notations and Preliminaries
Throughout the text, we will consider pairs (A, G) consisting of an abelian variety A with an action of a finite group G. We will always assume that the action is faithful. As stated in the introduction, if we let T G be the subgroup of G consisting of translations of A, then it is an elementary exercise to show that T G is normal in G, G/T G acts on A/T G , and A/G ∼ = (A/T G )/(G/T G ). We thus make the following convention.
Convention 2.1. For the rest of the article, we consider pairs (A, G) in which G does not contain translations of the abelian variety A.
We recall the definition of a pseudoreflection in our geometric context. Definition 2.2. Let x ∈ A and g ∈ G. Then g is a pseudoreflection at x if Fix(g) is of codimension 1 and x ∈ Fix(g).
By the Chevalley-Shepard-Todd Theorem, we have that A/G is smooth if and only if for every x ∈ A, Stab G (x) is generated by pseudoreflections (at x).
Recall that the automorphism group Aut(A) naturally has a structure of a semidirect product
where A corresponds to translations and Aut 0 (A) denotes automorphisms that fix the origin (which are always group automorphisms). The projection morphism π :
Given a pair (A, G), we will denote by G 0 be the image of π : G → Aut 0 (A). By our assumptions, we have that G 0 ∼ = G and G 0 fixes the origin. For an element g ∈ G, we will denote by g 0 its image π(g) ∈ G 0 .
Reduction of the main theorem to a group-theoretical statement
Let us start by showing that we can restrict our study to complex reflection groups. Fix a pair (A, G).
Proposition 3.1. If A/G is smooth and every g ∈ G fixes a point in A, then G is isomorphic to a complex reflection group.
Proof. Since every g ∈ G fixes a point, we have
and since each of the groups in the union is generated by pseudoreflections by the Chevalley-Shephard-Todd Theorem, we have that G is generated by pseudoreflections (not all necessarily at the same point).
Now, let g ∈ G be a pseudoreflection. Then its image g 0 ∈ G 0 is a pseudoreflection as well. Indeed, since g(x) = g 0 (x) + g(0) for every x ∈ A, we see that
and
This means that Fix(g) is the translate of Fix(g 0 ) by any element x ∈ Fix(g) (which is non-empty by assumption). In particular, since Fix(g) has codimension 1, so does Fix(g 0 ) and hence g 0 is a pseudoreflection fixing the origin. Since G is generated by pseudoreflections, we see that G 0 is generated by pseudoreflections fixing the origin. We obtain then that the analytic representation ρ a : G 0 → GL(T 0 (A)) realizes G 0 ∼ = G as a complex reflection group.⌣ Remark 3.2. Note that at the beginning of the proof we wrote G as a union of subgroups. This may look strange, but it actually hints at the fact that G may actually be equal to one of the stabilizers. As our main theorem states, this is indeed the case. Our goal then is to pinpoint such an x in A.
We can now use the theory of complex reflection groups to tackle Theorem 1.1.
Proposition 3.3. Let (A, G) be a pair consisting of an abelian variety with a Gaction such that every g ∈ G fixes a point. Assume that the action of G 0 on T 0 (A) corresponds to a complex reflection group (for instance, if A/G is smooth). Assume moreover that there exists g ∈ G such that g 0 is not contained in any proper complex reflection subgroup of G 0 . Then G fixes a point in A.
Proof. By our assumptions, we know that g fixes at least an element x ∈ A. By the Chevalley-Shephard-Todd Theorem, we get then that the stabilizer S ≤ G of x is generated by pseudoreflections and contains g. The hypothesis implies then immediately that S = G, which concludes the proof.⌣ Having this result at hand, all we have to do is to prove that, for every pair (A, G) with G 0 acting on T 0 (A) as a finite complex reflection group, we can find an element g ∈ G such that g 0 is not contained in any proper complex reflection subgroup of G 0 . Now, since the existence of such a g depends only on the action of G 0 on T 0 (A) and such an action splits into a direct product of irreducible representations, we immediately see that it suffices to prove this existence in the irreducible case.
Theorem 1.1 is thus reduced to a question on finite irreducible complex reflection groups, which we treat in the next section.
Irreducible complex reflection groups
Let us recall some basic facts of irreducible complex reflection groups. As a general reference we recommend the classic articles by Shephard-Todd [ST54] and Cohen [Coh76] . Recall (cf. for instance [Coh76, §1] ) that for every complex reflection group G acting linearly on V = C n , we have that
and there exist homogeneous polynomials f 1 , . . . , f n of degrees d 1 ≤ · · · ≤ d n such that
. . , f n ]. These degrees are uniquely determined by G and are thus called the degrees of G. For irreducible complex reflection groups, these values can be found in almost every basic reference on this subject (even on Wikipedia). We will make free use of them hereafter.
4.1.
Well-generated complex reflection groups. A very important class of complex reflection groups is that of well-generated complex reflection groups. These share many characteristics with reflection groups coming from a real (as opposed to complex) setting. In particular, the notion of Coxeter element can be defined for these groups. Let us recall these definitions following [RRS17] .
Definition 4.1. An irreducible complex reflection group G acting on C n is said to be well-generated if it is generated by n pseudoreflections.
Let G be a well-generated irreducible complex reflection group. We say that c is a Coxeter element if it has an eigenvector outside the reflecting hyperplanes (i.e. the hyperplanes fixed by a pseudoreflection in G) with eigenvalue h = d n . Well-generated groups include (cf. for instance [ST54, §10]):
• S n+1 acting on C n ; • G(m, 1, n) and G(m, m, n) for every m, n ≥ 2 (recall that G(2, 2, 2) is not irreducible); • the sporadic groups G r (in Shephard-Todd's classification) for r in {4-6, 8-10, 14, 16-18, 20, 21, 23-30, 32-37}.
4.2.
The group-theoretical result. Coxeter elements (or more generally, d nregular elements) are the good candidates to finish the proof of our main theorem.
The goal of what follows is then to prove the following result. Although it seems elementary, we weren't able to find a reference in the literature. Remark 4.4. As several specialists have told us, the result on Coxeter elements for well-generated groups is well-known if we only consider parabolic subgroups of G. The novelty is that we are actually considering any reflection subgroup and not just parabolic ones.
This theorem concludes the proof of Theorem 1.1 by Proposition 3.3.
Proof. Let us start with well-generated groups and their Coxeter elements.
The case of well-generated G = G(m, p, n). Recall that, since G is wellgenerated, we know that either p = 1 or p = m. Note moreover that this case considers as well the rank n group G = G(1, 1, n + 1) = S n+1 . By [Tay12, Thm. 3.7], we know that every reflection subgroup H of G is isomorphic to a product of groups H i ≃ G(m i , p i , n i ), where m i divides m, m i /p i divides m/p and n i = n. In particular, we know that every eigenvalue of an element h ∈ H must divide one of the degrees of one of the factors H i (cf. [Spr74, Thm. 3.4]). Let c ∈ G be a Coxeter element.
Assume that p = 1. Since c is a Coxeter element, we know that it has an eigenvalue of order mn. On the other hand, the highest degree of any H i is either m i n i /p i or m i (n i − 1), which is clearly less than mn unless m i = m, p i = p = 1 and n i = n. This implies that H = G and concludes the proof in this case.
Assume that p = m. Then p i = m i for every i since m i /p i divides m/p. Since c is a Coxeter element, we know that it has an eigenvalue of order m(n − 1). On the other hand, the highest degree of any H i cannot exceed m i (n i − 1). We conclude by the same argument.
The case of well-generated sporadic G. As in the previous case, we will use the classification of complex reflection subgroups of the remaining groups, which was also done by Taylor in [Tay12] . In particular, we use Tables 1-19 in loc. cit., which present all reflection subgroups of sporadic groups 23 to 37. The corresponding tables for sporadic irreducible complex reflection groups of rank 2 (i.e. sporadic groups 4 to 22) are not presented in Taylor's article. However, he provides a MAGMA code that can be used to obtain these tables in the remaining cases. We present an ad-hoc version of this code as an appendix to the first arXiv version of this article 1 . The subgroups obtained are presented in Tables 1 and 2. With these tables, we can finish the proof of this case. Let G be a well-generated, sporadic, irreducible complex reflection group of rank n; i.e. G = G r for r ∈{4-6, 8-10, 14, 16-18, 20, 21, 23-30, 32-37}. If c ∈ G is a Coxeter element, then c has an eigenvalue that is a d n -th root of unity, where d n is the highest degree of G. Moreover, it has no eigenvalue equal to 1 by [RRS17, Thm. 1.3] and [ST54, Thm. 5.4 ]. In particular, if c ∈ H for some reflection subgroup H ≤ G, then H is of rank n (otherwise c would have an eigenvalue equal to 1) and d n must divide one of the degrees of (one of the factors of) H by [Spr74, Thm. 3.4 ]. Using Tables 1 and 2 and the tables in [Tay12] , a thorough check of reflection subgroups of rank n reveals that this is never the case.
The case of arbitrary G = G(m, p, n). Recall that G(m, p, n) = F (m, p, n) ⋊ S n with
where ζ is a primitive m-th root of unity and S n acts on F by permutation of the variables. Consider then the element g = ((ζ, ζ p−1 , 1, . . . , 1), (1 2 3 · · · n)) ∈ F ⋊ S n = G.
We claim that this element is not contained in any proper reflection subgroup of G. Indeed, again by [Tay12, Thm. 3.7], we know that every reflection subgroup H of G is isomorphic to a product of groups H i ≃ G(m i , p i , n i ), where m i divides m, m i /p i divides m/p and n i = n. From the same result we deduce that the image of H in the quotient S n of G is a product of symmetric subgroups, hence a reflection subgroup. Now, the image of g in S n is (1 2 3 · · · n), which is a Coxeter element of the (well-generated) symmetric group S n and hence is not contained in any proper reflection subgroup. We deduce then that if g ∈ H, then the image of H is the whole S n and thus H is of the form H = G(m ′ , p ′ , n) with m ′ |m and (m ′ /p ′ )|(m/p). Moreover, since ζ is a primitive m-th root of unity, we see that m ′ must be equal to m and then p ′ must be equal to p since the sum of the exponents is precisely p.
The remaining sporadic groups. We are left with the sporadic groups G r for r ∈ {7, 11, 12, 13, 15, 19, 22, 31}.
For r ∈ {12, 13, 22, 31}, we can take g to be a d n -regular element for d n the highest degree of G. The proof is the exact same one given for sporadic well-generated groups.
For r ∈ {7, 11, 19}, which are all of rank n = 2, we have d 1 = d 2 . By [Spr74, Thm. 3.4], there exist then d 2 -regular elements g ∈ G which are diagonal. In particular, if such a g is contained in a subgroup H ≤ G, then d 2 should divide both degrees of H. A thorough check using Tables 1 and 2 shows that this is never the case.
Finally, for G = G 15 , we note (cf. [LT09, Ch. 6]) that it has three maximal subgroups, which are G 7 , G 13 and G 14 , of orders 144, 96, and 144, respectively. The intersection of G 14 and G 13 is G 12 , or order 48, and the intersection of G 14 and G 7 is G 5 , of order 72. It follows that the union G 13 ∪ G 14 has 96 + 144 − 48 = 192 elements, while the union G 7 ∪(G 13 ∪G 14 ) has at most 144+192−72 = 264 elements. Since G 15 has order 288, there is an element that is not contained in any reflection subgroup.⌣ Remark 4.5. The groups G r for r ∈ {7, 11, 15, 19}, which are the only ones needing "deeper" arguments, do not act on abelian varieties and hence their study is not needed in order to obtain Theorem 1.1. We studied them anyway in order to get a nicer statement for Theorem 4.3. We thank Stephen Griffeth for suggesting the approach we used to tackle these last four groups.
